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We have investigated some bouncing models in the framework of an extended gravity theory where
the usual Ricci scalar in the gravitational action is replaced by a sum of the Ricci scalar and a term
proportional to the trace of the energy momentum tensor. The dynamical parameters of the model
are derived in most general manner. We considered two bouncing scenarios through an exponential
and a power law scale factor. The non singular bouncing models also favour a late time cosmic
speed up phenomenon. The dynamical behaviour of the equation of state parameter is studied for
the models. It is observed that, near the bounce, the dynamics is substantially affected by the
coupling parameter of the modified gravity theory as compared to the parameters of the bouncing
scale factors.
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I. INTRODUCTION
The late time cosmic acceleration of the universe has attracted a lot of research attention in the last two decades
after its discovery and further confirmation by a lot of observations from supernova, large scale structure, Baryon
Acoustic Oscillation and Cosmic Microwave Background (CMB) radiation anisotropy [1–7]. The reason behind this
late time cosmic dynamics is not yet known exactly. However, researchers have speculated an exotic dark energy(DE)
form in the framework of General Relativity (GR) to explain this phenomenon. Observations indicate that DE has
a lion share of 68.3% in the mass energy budget of the universe [8]. In GR this phenomenon can not be explained
in tensor modes and therefore scalar field models are emerged as solution to this intriguing issue. Additional degrees
of freedom in the form of scalar fields such as quintessence, phantom fields, ghost fields with unusual Lagrangian
are considered in the gravitational action of GR. Chiral cosmological models with multicomponent scalar fields have
also been proposed to address this issue [9–11]. Vector-tensor models with electromagnetic contribution have been
proposed which provide some viable solution [12–14]. Amidst all eforts, the very existence of dark energy and its
nature still remains as open questions. Another bizarre fact about the DE is that it can cluster at large scales and
violates some energy conditions. While researchers try to get a suitable answer to the late time phenomenon with
a good number of DE models, there has also been a debate on whether substantial cosmic acceleration has really
occurred in the late epoch or not [15].
Alternative models to GR have been proposed in recent times as possible solution to the cosmic speed up phe-
nomenon without the need of any DE components and additional dynamical degrees of freedoms as matter fields.
In these alternative theories, the geometrical part of the GR field equation is modified in such a manner that, the
action will contain some arbitrary function of Ricci Scalar R and possibly the trace of the energy momentum tensor
T in place of the Ricci scalar appearing in GR. The geometrically modified gravity theories have been motivated from
quantum effects and are able to provide the necessary acceleration without requiring any additional dynamical fields
like quintessence or ghost fields. Several modified theories of gravity have been proposed in literature such as f(R)
theory [16, 17], f(G) gravity [18], f(T ) theory [19, 20] and f(R, T ) theory [21]. There have been a wide interest and
investigations concerning issues in cosmology and astrophysics using the recently proposed f(R, T ) gravity theory
[22–33]. As a simple extension of the f(R, T ) theory, extended theories of gravity have been proposed which provide
a simple structure but have elegance in addressing many issues in cosmology [34–37].
The standard cosmological model provides a good explanation of the early universe but suffers from issues like
flatness problem, the horizon problem, initial singularity and baryon asymmetry problem. The inflationary scenario
solved some of these issues of the early universe standard model and provided a causal theory of structure formation
[38, 39]. However, the inflationary scenario suffers from the singularity problem and the trans-Planckian problem for
fluctuations. Before the onset of inflation where the universe undergoes an almost exponential expansion, singularity
occurs and therefore inflationary scenario fails to reconstruct the complete past history of the universe. Matter bounce
scenario have been proposed as a solution to the challenges faced by the inflationary scenario [40–42]. For some reviews
on bouncing cosmologies one may refer to [43–46]. In bouncing scenario, the universe undergoes an initial matter
dominated contraction phase followed by a non-singular bounce and then there is a causal generation for fluctuation.
Bouncing cosmologies have been investigated in alternative gravity theories such as f(R) theory [47–51], modified
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2Gauss-Bonnet gravity [52, 53], f(R, T ) gravity [54] and f(T ) gravity [55].
The present work reports the investigation of some bouncing models in the framework of an extended theory of
gravity. For this purpose we have considered a simple extended gravity theory with an isotropic FRW universe. The
organisation of the paper is as follows: Section II contains the basic formalism of extended gravity where we have
derived the field equations and expressed the dynamical parameters of the model in a general manner in terms of the
Hubble rate. In Section III, two bouncing models are investigated by assuming an exponential and a power law scale
factors showing bouncing behaviour. The effect of the model parameters on the cosmic dynamics have been discussed.
Section-IV contains a brief summary and conclusion of the present work.
II. BASIC FORMALISM
We consider the action for a geometrically modified theory of gravity as
S =
∫
d4x
√−g
[
1
2
f(R, T ) + Lm
]
, (1)
where f(R, T ) is an arbitrary function of the Ricci scalar R and the trace T of the energy-momentum tensor, Lm is
the usual matter Lagrangian. The action reduces to that of GR for f(R, T ) = R. We use the natural system of unit:
8piG = c = 1; G and c are respectively the Newtonian gravitational constant and speed of light in vacuum.
For minimal matter-geometry coupling, we can have f(R, T ) = f1(R) + f2(T ) so that the action becomes
S =
∫
d4x
√−g
[
1
2
(f1(R) + f2(T )) + Lm
]
. (2)
If we vary the action with respect to the metric gµν , the field equations are obtained for the modified theory of
gravity as
Rµν − 1
2
f−11,R(R)f1(R)gµν = f
−1
1,R(R)
[
(∇µ∇ν − gµν) f1,R(R) + [1 + f2,T (T )]Tµν +
[
f2,T (T )p+
1
2
f2(T )
]
gµν
]
. (3)
Here the matter Lagrangian is assumed to be proportional to the pressure p of the cosmic fluid i.e. Lm = −p. Also,
we have adopted the shorthand notations
f1,R(R) ≡ ∂f1(R)
∂R
, f2,T (T ) ≡ ∂f2(T )
∂T
, f−11,R(R) ≡
1
f1,R(R)
. (4)
The energy-momentum tensor Tµν is related to the matter Lagrangian as
Tµν = − 2√−g
δ (
√−gLm)
δgµν
. (5)
Considering a simple choice f1(R) = R, we obtain
Gµν = [1 + f2,T (T )]Tµν +
[
f2,T (T )p+
1
2
f2(T )
]
gµν , (6)
which can also be written as
Gµν = κT
[
Tµν + T
int
µν
]
. (7)
Here, Gµν = Rµν − 12Rgµν is the usual Einstein tensor and κT = 1 + f2,T (T ) is the redefined Einstein constant. In
(7), we have the effective energy-momentum tensor generated due to the geometrical modification through a minimal
coupling with matter,
T intµν =
[
f2,T (T )p+
1
2f2(T )
1 + f2,T (T )
]
gµν , (8)
A suitable choice of f2(T ) may provide a viable cosmological model which may be confronted with recent observations.
In the present work, we consider a linear functional
1
2
f2(T ) = λT, (9)
3so that κT = 1 + 2λ and T
int
µν =
gµν
κT
[(2p+ T )λ].
We consider a flat FRW metric
ds2 = dt2 − a2(t)(dx2 + dy2 + dz2), (10)
for the investigation of some bouncing models. The Friedman equations for a perfect fluid distribution in the universe
with Tµν = −pgµν + (ρ+ p)uµuν are obtained as,
3H2 = (1 + 3λ)ρ− λp, (11)
2H˙ + 3H2 = λρ− (1 + 3λ)p. (12)
Here a = a(t) is the scale factor of the universe and H = a˙a is the Hubble parameter. The overhead dot denotes
differentiation with respect to t.
From the above field equations we can determine the pressure, energy density and equation of state (EoS) parameter
in terms of the Hubble parameter. The pressure and the energy density for the present model are obtained as,
p = −3(1 + 2λ)H
2 + 2(1 + 3λ)H˙
(1 + 3λ)2 − λ2 , (13)
ρ =
3(1 + 2λ)H2 − 2λH˙
(1 + 3λ)2 − λ2 . (14)
The EoS parameter ω = pρ becomes,
ω = −3(1 + 2λ)H
2 + 2(1 + 3λ)H˙
3(1 + 2λ)H2 − 2λH˙ . (15)
It is obvious from the above expressions that, the evolutionary behaviour of the dynamical parameters such as
the pressure, energy density and the EoS parameter depend on the model parameter λ and the evolutionary aspect
of the Hubble parameter. One can note that, for a vanishing λ(λ = 0), the EoS parameter reduces to that in GR:
ω = −1− 23 H˙H2 .
III. BOUNCING COSMOLOGIES
In the present work, we are interested to investigate some bouncing models in the framework of an extended theory
of gravity and to study the cosmic dynamics through the dynamical properties such as energy density, pressure and
equation of state parameter. We have obtained the expressions for these quantities in terms of the Hubble parameter.
Here we have considered two different bouncing models described by certain scale factors and studied the consequent
dynamical behaviour of the models.
A. Model-I
A symmetric bounce can be modelled through the scale factor,
a = eβt
2
(16)
where, β is a positive constant parameter that controls the cosmic expansion. The Hubble’s parameter for this scale
factor is obtained as,
H = 2βt. (17)
The bouncing scenario occurs at t = 0 and obviously at bounce, we have H = 0 and H˙ = 2β > 0.
The bouncing scale factor is shown as a function of cosmic time for three representative values of β in Figure 1. It
is observed from the figure that, scale factor is symmetric about the bouncing epoch t = 0. The slope of the curves
of the scale factor is proportional to the parameter β. In other words, more is the value of β, more is the curvature
of the plot. In Figure 2, the time evolution of the Hubble parameter is shown for three representative values of the
parameter β. The Hubble parameter is a linear function of cosmic time. Since we are dealing with a bouncing model,
the cosmic time may range from negative domain to positive domain and consequently the Hubble parameter evolves
linearly from negative time domain to positive domain through H = 0 at bounce. The slopes of the straight lines in
Fig 2 are proportional to β.
4FIG. 1: Evolutionary behaviour of the scale factor for three representative values of β for Model-I.
FIG. 2: Evolutionary behaviour of Hubble parameter for three representative values of β for Model-I.
The deceleration parameter(DP) q is an important quantity in the study of cosmic dynamics. It is defined as
q = −1− H˙
H2
, (18)
which for the present bouncing model becomes
q = −1− 1
2βt2
. (19)
A positive value of q signifies a decelerated universe and a negative value of it explains an accelerated universe. One
can note from the above eq. (19) that the deceleration parameter remains negative for all values of cosmic time. In
other words, the present bouncing model always predicts an accelerated universe, which may be in conformity with
5FIG. 3: Evolutionary behaviour of deceleration parameter for three representative values of β for Model-I.
observations at least at the present epoch. The deceleration parameter is independent of the choice of the parameter λ
and depends only on β. In Figure 3, the time evolution of the deceleration parameter is shown for three representative
values of the parameter β. It is observed from the figure that, deceleration parameter is symmetric about the bouncing
time t = 0. In the negative time zone, DP evolves from q = −1 to large negative values near the bounce. In the
positive time zone, it evolves from large negative values to q = −1 at late times.
The energy density ρ and pressure p for the present model are obtained as
ρ =
12β2(1 + 2λ)t2 − 4βλ
(1 + 3λ)2 − λ2 , (20)
p = −12β
2(1 + 2λ)t2 + 4β(1 + 3λ)
(1 + 3λ)2 − λ2 . (21)
It is clear from the above expressions that, the evolutionary behaviour of the energy density and pressure depends
on the value of the scale factor parameter β and model parameter λ. Since the denominators of ρ and p are positive
for a given λ > 0, the positivity or the negativity of these quantities depend only on the respective numerators. In
order to satisfy certain energy conditions, the energy density should remain positive throughout the cosmic evolution.
This can be achieved only when βt2 > 0.33( 1λ + 2)
−1. At late phase of cosmic evolution, this condition is easily
satisfied. However, at a cosmic epoch around the bounce, there is uncertainty whether this condition will be satisfied
or not. In view of this, in the present work, we have considered suitable values of β so that the energy density
remains positive through out the cosmic evolution both in the positive and negative domains of cosmic time. From
a systematic investigation, we have found three different values of β i.e. β = 7, 9 and 11 and three different value
of λ such as 0, 0.01 and 0.1, for which we get positive energy density through out the cosmic evolution. In choosing
these values of β and λ, we are not ruling out any other possible values of β and λ that can satisfy the above positive
energy condition.
The EoS parameter can be obtained from the expressions of pressure and energy density as
ω = −12β
2(1 + 2λ)t2 + 4β(1 + 3λ)
12β2(1 + 2λ)t2 − 4βλ . (22)
Since energy density is constrained to remain positive at all epochs and the pressure is negative throughout the
cosmic evolution, it is obvious that the EoS parameter becomes a negative quantity. The evolutionary behaviour
of the equation of state parameter can be assessed through the specific choices the model parameters λ and β. We
have shown the dynamical evolution of ω for the constrained values of β and λ in Figures 4-6. In Figure 4, the EoS
parameter is shown for three representative values of the parameter β for λ = 0. It is needless to mention that, model
corresponding to λ = 0 reproduces the results of GR i.e. ωλ→0 ' −1 + 13βt2 . ω for this case is symmetric about the
bouncing epoch and evolves in the phantom region from a large negative value near the bounce to an asymptotic value
6of −1. The EoS parameter evolves rapidly near the bounce as compared to the time frame far away from bounce.
One can observe from the figure that, the scale factor parameter β has a role to raise the rate of increment in ω near
the bounce. It is interesting to note that, β does not have an impressive impact on ω at an epoch far away from the
bounce.
FIG. 4: Evolutionary behaviour of equation of state parameter for three representative values of β for Model-I.
FIG. 5: Evolutionary behaviour of equation of state parameter for three representative values of β for Model-I.
In Figures 5 and 6, we have considered some finite values of λ namely 0.01 and 0.1. Since λ 6= 0, we can have an
analytic expression for the EoS parameter at bounce. In fact, at the bouncing epoch, the EoS parameter becomes
ωB =
1
λ + 3 which is a positive quantity independent of the choice of β. This is reflected in the figures where we have
some vertical lines near bounce region.
In order to assess the effect of the model parameter λ on the dynamical aspects of the EoS parameter, in Figure 7,
we have plotted ω for different values of λ for a given value of β. As is evident from the figure, λ has an appreciable
effect on ω near the bouncing epoch than at a far away time frame. Near the bouncing epoch, the role of λ is to either
7FIG. 6: Evolutionary behaviour of equation of state parameter for three representative values of β for Model-I.
FIG. 7: Evolutionary behaviour of equation of state parameter for three representative values of λ for Model-I.
increase or decrease the rate of increment in ω. In other words, lower the value of λ, the lower the time ω takes to
reach the asymptotic value of −1.
It is certain that, the present model evolves in the phantom region and therefore some of the energy conditions are
violated. The null energy condition for the present model can be expressed as
ρ+ p = − 4β(1 + 4λ)
(1 + 3λ)2 − λ2 . (23)
Since we have chosen the parameters β and λ to be positive, we have ρ+ p < 0 which signifies a violation of the null
energy condition ρ+ p ≥ 0.
8B. Model-II
We consider another bouncing scale factor [56],
a(t) =
√
a20 + β
2t2, (24)
where, β is a positive constant parameter and a0 is the radius scale factor at bounce. With proper renormalization of
the constants a0 and β, one may get some quintom behaviour of the model. In this model bounce occurs at t = 0. We
have plotted the bouncing scale factor for three representative values of β namely 0.9, 1 and 1.12 in Figure 8 where
a0 = 1 is assumed. The scale factor is symmetric about t = 0. The parameter β controls the slope of the scale factor.
Higher the value of β, higher is the slope.
- 2 - 1 0 1 20
1
2
3
4
a
t
 β=0.9 β = 1 . 0  β = 1 . 1 2
FIG. 8: Scale factor for three representative values of β for Model -II.
For the above scale factor, the Hubble’s parameter is obtained as,
H =
β2t
1 + β2t2
, (25)
and its first derivative as
H˙ = β2
[
1− β2t2
(1 + β2t2)
2
]
. (26)
In Figure 9, the Hubble parameter is shown for three representative values of β. The DP for the present bouncing
model is given by
q = −
(
1
βt
)2
. (27)
In Figure 10, the evolutionary behaviour of DP is shown for three representative values of β. For all positive values
of β it becomes negative which signifies an accelerated universe.
The energy density ρ and pressure p for the present model are obtained as
ρ =
(3 + 8λ)β4t2 − 2λβ2
(1 + β2t2)2[(1 + 3λ)2 − λ2] , (28)
p = − β
4t2 + 2(1 + 3λ)β2
(1 + β2t2)2[(1 + 3λ)2 − λ2] . (29)
It is clear from the above expressions that, in this model also the evolutionary behaviour of the energy density and
pressure depend on the value of the scale factor parameter β and model parameter λ. The denominators of both the
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FIG. 9: Evolutionary behaviour of Hubble’s parameter for three representative values of β for Model -II.
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FIG. 10: Evolutionary behaviour of deceleration parameter for three representative values of β for Model -II.
expression are always positive for a positive value of λ. The positivity or the negativity of these quantities depend
only on the respective numerators. In order to satisfy certain energy conditions, the energy density should remain
positive throughout the cosmic evolution. At a cosmic epoch around the bounce, there is uncertainty whether this
condition will be satisfied or not. In view of this, in the present work, we have considered suitable values of β so that
the energy density remains positive through out the cosmic evolution both in the positive and negative domains of
cosmic time. We consider three different values of scale parameter β i.e. β=0.9, 1 and 1.12 and three different value
of model parameter λ namely 0, 0.1 and 0.5.
The equation of state parameter ω for the present case becomes
ω = − β
4t2 + 2(1 + 3λ)β2
(3 + 8λ)β4t2 − 2λβ2 . (30)
The equation of state parameter is a negative quantity and depends on the model parameters β and λ. In Figures 11-
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FIG. 11: EoS parameter for four representative val-
ues of the parameter α for k = 0.5.
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FIG. 12: EoS parameter for four representative val-
ues of the parameter α for k = 1.
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FIG. 13: EoS parameter for four representative val-
ues of the parameter α for k = 5.
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FIG. 14: EoS parameter for four representative val-
ues of the parameter α for k = 9.
14, the dynamical behaviour of the equation of state parameter is shown for the constrained values of the parameters
β and λ. In Fig 11, we have considered λ = 0 which reproduces the behaviour in GR. ω evolves from large negative
value near the bounce to rapidly becoming positive as it moves away from bouncing epoch. The rate of increment of
ω increases as we increase the value of β for a given non zero finite value of λ. However, one can observe from Fig
14 that, for a given value of β, the rate of increment of ω decreases with the increase in λ. The effect of β on the
equation of state parameter is quite visible at a time frame away from bounce than near the bouncing epoch. For
finite value of λ, the equation of state parameter assumes a value of ωB ' 1λ + 3 which is the same we have obtained
in model-I. It is interesting to note that in this case also, the EoS parameter at bounce does not depend on the scale
factor parameter β.
The null energy condition in this model can be calculated as
ρ+ p = − 2β
2(1 + 4λ)
(
1− β2t2)
(1 + β2t2)2[(1 + 3λ)2 − λ2] . (31)
This is a negative quantity and signifies a violation of the null energy condition.
IV. CONCLUSION
We have investigated some bouncing models in the framework of an extended theory of gravity. In the gravitational
action of the extended gravity theory the usual Ricci scalar R of GR action is replaced by a sum of R and a term
proportional to the trace T of the energy momentum tensor. The extra term in the action provides an anti-gravity
effect and may be able to explain the late time cosmic acceleration. The non singular bouncing models investigated in
this work also favour late time cosmic speed up phenomenon besides being able to provide a viable bouncing scenario
at t = 0. We have studied the dynamical evolution of the equation of state parameter in the modified theory of gravity
keeping in view the bouncing scenario. The dynamics of the models are greatly affected by the parameters of the
model. While an increase in the coupling parameter of the extended gravity theory decreases the rate of dynamical
evolution, an increase in the bouncing scale factor parameter raises the rate of dynamics. The behaviour near the
bounce is mostly decided by the coupling parameter of the extended gravity theory and is least affected by the bounce
scale factor.
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